Abstract. Small covers were introduced by Davis and Januszkiewicz in 1991. We introduce the notion of equilibrium triangulations for small covers. We study equilibrium and vertex minimal Z 2 2 -equivariant triangulations of 2-dimensional small covers. We discuss vertex minimal equilibrium triangulations of RP 3 #RP 3 , S 1 × RP 2 and a nontrivial S 1 bundle over RP 2 . We construct some nice equilibrium triangulations of the real projective space RP n with 2 n + n + 1 vertices. The main tool is the theory of small covers.
Introduction
Small covers were introduced by Davis and Januszkiewicz in [5] , where an n-dimensional small cover is a smooth closed manifold N n with a locally standard Z n 2 -action such that the orbit space of this action is a simple convex polytope. This gives a nice connection between topology and combinatorics. A broad class of examples of small covers are all real projective varieties. Illman's results [8] on equivariant triangulations on smooth G-manifolds for a finite group G ensure the existence of Z n 2 -equivariant triangulations of n-dimensional small covers. Then the following natural question can be asked. Does each Z n 2 -equivariant triangulation of n-dimensional small cover with the orbit space Q induce a triangulation of Q? We give the answer of this question when n = 2, see Theorem 3.10. It seems that no explicit equivariant triangulations are studied for small covers. On the other hand the term "equilibrium triangulation" first appeared in [1] . They discuss equilibrium triangulations and simplicial tight embeddings for RP 2 and CP 2 . Inspired by the work of [1] and [8] , in this article we construct equilibrium and equivariant triangulations of small covers explicitly with few vertices. The main results of this article are Theorems 3.10, 3.11, 3.14, 3.18, 3.20, 3.22 and 3.23. Main tool in this article is the theory of small covers.
The arrangement of this article is as follows. We recall the definitions and some basic properties of small covers following [5] in Subsection 2.1. In Subsection 2.2, we review the definitions and some results on triangulation of manifolds following the survey [4] . The definition of equilibrium triangulations of small covers is introduced in the subsection 3.1 following an idea of [1] . Some Z n 2 -equivariant triangulations of an n-dimensional small cover are constructed in Subsection 3.2. These simple looking triangulations lead to some open problems, see Subsection 3.2. We discuss some vertex minimal Z 2 2 -equivariant triangulations of 2-dimensional small covers in Subsection 3.3. Subsection 3.4 gives some natural equilibrium triangulations of 3-dimensional small covers. In this subsection, we study vertex minimal equilibrium triangulations of RP 3 #RP 3 , a nontrivial S 1 bundle over RP 2 and S 1 × RP 2 , see Theorem 3.18, 3.20 and 3.22 respectively. Subsection 3.5 gives some explicit nice equilibrium triangulations of real projective space RP n with 2 n + n + 1 vertices.
Preliminaries

Small covers.
Following [5] , we discuss some basic results about small covers. The codimension one faces of a convex polytope are called f acets. An n-dimensional simple polytope in R n is a convex polytope if each vertex is the intersection of exactly n facets. We denote the underlying additive group of the vector space F n 2 by Z n 2 . Let ρ : Z n 2 × R n → R n be the standard action. Let N be an n-dimensional manifold.
Definition 2.1. An action η : Z n 2 × N → N is said to be locally standard if the following holds. (1) Every point y ∈ N has a Z n 2 -stable open neighborhood U y . (2) There exists a homeomorphism ψ : U y → V , where V is a Z n 2 -stable open subset of R n . (3) There exists an isomorphism δ y : Z n 2 → Z n 2 such that ψ(η(t, x)) = ρ(δ y (t), ψ(x)) for all (t, x) ∈ Z n 2 × U y . Definition 2.2. A closed n-dimensional manifold N is said to be a small cover if there is an effective Z n 2 -action on N such that: (1) the action is a locally standard action, (2) the orbit space of the action is a simple polytope (possibly diffeomorphic as manifold with corners to a simple polytope).
Let N be a small cover and ξ : N → Q be the orbit map. We say that N is a small cover over Q or ξ : N → Q is a small cover over Q.
Example 2.3. The natural action of Z n 2 defined on the real projective space RP n by
is locally standard and the orbit space is diffeomorphic as manifold with corners to the standard n-simplex. Hence RP n is a small cover over the n-simplex △ n .
Remark 2.4. The equivariant connected sum of n-dimensional finitely many small covers is also a small cover of same dimension. Details can be found in page-424 of [5] .
Definition 2.5. Let F(Q) = {F 1 , . . . , F m } be the set of facets of a simple n-polytope Q. A function β : F(Q) → F n 2 is called a Z 2 -characteristic function on Q if the span of {β(F j 1 ), . . . , β(F j l )} is an l-dimensional subspace of F n 2 whenever the intersection of the facets {F j 1 , . . . , F j l } is nonempty. The vectors β j := β(F j ) are called Z 2 -characteristic vectors and the pair (Q, β) is called Z 2 -characteristic pair.
Note that given a small cover, we can define a Z 2 -characteristic pair, see Section 1 in [5] . Let (Q, β) be a Z 2 -characteristic pair where Q is a simple n-polytope with facets F 1 , . . . , F m . Let G F be the subgroup of Z n 2 generated by {β j 1 , . . . , β j l }, whenever
where F ⊂ Q is the unique face whose relative interior contains p. We denote the equivalence class of (t, p) by [(t, p)] ∼ . The quotient space N (Q, β) = (Z n 2 × Q)/ ∼ is an n-dimensional small cover, see Section 1 in [5] for more details. Following Proposition gives a classification of small covers. Proposition 2.6 (Proposition 1.8, [5] ). Let ξ : N → Q be a small cover over Q and the function β : F(Q) → F n 2 be its Z 2 -characteristic function. Let ξ β : N (Q, β) → Q be the constructed small cover from the Z 2 -characteristic pair (Q, β). Then there exists an equivariant homeomorphism from N to N (Q, β) covering the identity over Q. Hence a small cover ξ : N → Q is determined up to equivalence over Q by its Z 2 -characteristic function.
The cubical subdivision of a simple polytope is explicitly discussed in Section 4.2 of [3] , a good reference for many interesting developments and applications. We denote a cubical subdivision of the polytope Q by C(Q). We consider the vertex in C(Q) corresponding to Q is the center of mass of Q.
Triangulation of manifolds.
We recall some basic definitions for triangulations of manifolds following [10] . A compact convex polyhedron which spans a subspace of dimension n is called an n-cell. So we can define faces of an n-cell. A cell complex X is a finite collection of cells in some R n satisfying, (i) if B is a face of A and A ∈ X then B ∈ X, (ii) if A, B ∈ X and A ∩ B is nonempty then A ∩ B is a face of both A and B. Zero dimensional cells of X are called vertices of X. A cell complex X is simplicial if each A ∈ X is a simplex. We may denote a cell σ with vertices v 1 , . . . , v k by v 1 v 2 . . . v k . The vertex set of a simplicial complex X is denoted by V (X). The union of all cells in a simplicial complex X is called the geometric carrier of X which is denoted by |X|. If a Hausdorff topological space M is homeomorphic to |X|, the geometric carrier of a simplicial complex, then we say that X is a triangulation of M . If |X| is a topological d-ball (respectively, d-sphere) then X is called a triangulated d-ball (resp., triangulated d-sphere). If X, Y are two simplicial complexes, then a simplicial map from X to Y is a continuous map η : |X| → |Y | such that for each σ ∈ X, η(σ) is a cell of Y and η| σ is linear. By a simplicial subdivision of a cell complex X we mean a simplicial complex X ′ together with a homeomorphism from |X ′ | onto |X| which is face-wise linear. From the following proposition we can construct a simplicial complex from a cell complex. Proposition 2.7 (2.9 Proposition, [10] ). A cell complex can be subdivided to a simplicial complex without introducing any new vertices.
Definition 2.8. Let G be a finite group. A G-equivariant triangulation of the G-space N is a triangulation X of N such that if σ ∈ X then f g (σ) ∈ X for all g ∈ G, where f g is the homeomorphism corresponding to the action of g on |X|.
3. Equilibrium and equivariant triangulations of small covers 3.1. Definition of equilibrium Triangulation. We generalize the definitions of equilibrium set and zones of influence for small covers following the definition of equilibrium triangulation for RP 2 and CP 2 of [1] . These definitions are also generalized for quasitoric manifolds in [6] . Let ξ : N → Q be an n-dimensional small cover over the n-dimensional simple polytope Q. Definition 3.1. The equilibrium set of an n-dimensional small cover N is defined by the orbit atx ∈ N such that ξ(x) is the center of mass of Q. Definition 3.2. A zones of inf luence of an n-dimensional small cover N is defined by a Z n 2 invariant closed subset such that (1) it contains the equilibrium set, (2) it is Z n 2 -equivariantly homeomorphic to a Z n 2 -invariant closed ball B n ⊂ R n .
So, number of vertices in Q is k. If C(Q) is a cubical subdivision of Q with n-dimensional cells I i for 1 ≤ i ≤ k then the collection {ξ −1 (I i ) : i = 1, . . . , k} of zones of influences is a complete.
Definition 3.4. A triangulation of n-dimensional small cover N is said to be an equilibrium triangulation if the equilibrium set and all the zones of influences of a complete collection are triangulated submanifolds of N .
Any equilibrium triangulation of an n-dimensional small cover N contains at least 2 n vertices. We study some equilibrium and equivariant triangulations of small covers in the following subsections.
3.2. Some triangulations of small covers. Let ξ : N → Q be a small cover over the ndimensional simple polytope Q. Let Q ′ be the first barycentric subdivision of Q. Since Q is a polytope, Q ′ is a triangulation of Q. Let α be an l-dimensional simplex in Q ′ and α 0 be the relative interior of α. From the equivalence relation ∼ in the Equation (2) , it is clear that
in N where α belongs to the smallest face F k of Q of dimension k and σ i (α) is the closure of σ i (α) 0 in N . The restriction of ξ on each σ i (α) 0 is a diffeomorphism to α 0 . Note that small covers have smooth structure, (cf. [5] ). The subset σ i (α) of N is diffeomorphic as manifold with corners to an l-dimensional simplex. Clearly the collection
gives a triangulation of N . Here k also depends on α. Note that Σ(N ) is an equivariant triangulation of N with respect to the Z n 2 action. Also this is an equilibrium triangulation of N . With the triangulations Q ′ and Σ(N ) of Q and N respectively the projection map ξ is simplicial. Hence we get the following.
2 -equivariant and equilibrium triangulation with 2 n + f 0 2 n−1 + f 1 2 n−2 + · · · + f n−1 vertices. Moreover, Euler characteristic of all small covers over Q are same.
Remark 3.6. Let K be a contracted pseudotriangulation (crystallization) of an n-manifold M with vertex set {v 1 , . . . , v n+1 } and with f i (K) i-cells for 1 ≤ i ≤ n (for more on Crystallizations and contracted pseudotriangulations of manifolds see [2, 7] ). Let σ n be a simplex with vertex set {1, . . . , n + 1}. For any set {v i 0 , . . . , v i j } of vertices, number of j-faces in K whose vertices are v i 0 , . . . , v i j is in general more than one and the map ϕ given by v i → i is not a piece wise linear (pl) map. To make it a pl we have to first subdivide K to a simplicial complex. Clearly, we have to add at least
) new vertices to make the subdivision a simplicial complex (if α 1 , . . . , α k are i-simplices with same vertex set then we add one vertex in each α 2 , . . . , α k ). To make the map ϕ simplicial, we need to add Σ n i=1 f i (K) vertices. So, the new simplicial complexK (which is a sub division of K) has (n + 1) + Σ n i=1 f i (K) vertices (and 2 n+1 + 2 vertices in the subdivision σ of σ n ). This simplicial map ϕ : K → σ is also a branched covering with quotient polytope a simplex. We have considered such cases in Lemma 3.5 where the quotient polytopes are in general simple polytopes. Our main results (cf. Theorems 3.18, 3.20, 3.22, 3.23) show that we can have branched coverings over simple polytopes with much less number of additional vertices on the manifolds, namely, we add only a vertex in the interior of each n-simplex.
Observing the above natural triangulations of small covers we may ask the following. Question 3.1. Let ξ : N → Q be a small cover over the n-dimensional simple polytope Q. What are the vertex minimal equilibrium triangulations of N ? Question 3.2. Let ξ : N → Q be a small cover over the n-dimensional simple polytope Q. Can we describe all Z n 2 -equivariant triangulations of N with minimum vertices? 3.3. Triangulations of 2-dimensional small covers. In this subsection, we construct some equilibrium and equivariant triangulations of 2-dimensional small covers with few vertices. We calculate the number of vertices and hence faces of these triangulations. Let Q be a polygon with vertices V 1 , . . . , V m and edges F 1 , . . . , F m , where the end points of F i are V i and V i+1 for i = 1, . . . , m − 1 and the end points of F m are V m and V 1 . Let ξ : N → Q be a small cover over Q. We denote the fixed point corresponding to the vertex V i by the same. Let Proof. Let C(Q) be the cubical subdivision of Q. Let C F be the vertex in C(Q) corresponding to the nonempty face F of Q. Joining the vertices C F i−1 and C F i in C(Q) for i = 1, . . . , m, we get triangulation Y of Q. Note that N is equivariantly diffeomorphic to N (Q, β) := (Z 2 2 × Q)/ ∼ by Proposition 2.6, where ∼ is defined in the Equation (2) . Let
Observe that this gives a Z 2 2 -equivariant triangulation of N . Clearly, this is also an equilibrium triangulation of N . The face vector of this triangulation is (2m + 4, 9m, 6m). So Euler characteristic of N is 4 − m. Proof. We may assume k 1 = 1. Let ξ : N → Q be the orbit map, where Q is an m-polygon with vertices V 1 (= V m+1 ), . . . , V m and edges F 1 , . . . , F m . Let C i be the middle point of the edge
Clearly it gives a triangulation of Q. Since k 1 = 1, with this triangulation of Q, similarly as in Lemma 3.7, we can construct a Z 2 2 -equivariant triangulation of N which does not contain any fixed points. Note that this is not an equilibrium triangulation of N . Theorem 3.10. Let X be a Z 2 2 -equivariant triangulation of the small cover ξ : N → Q over the polygon Q. Then {ξ(σ) : σ ∈ X is a 2 simplex} is the set of 2-simplices in a triangulation of Q.
Proof. First we show that if σ is a 2-cell in X then ξ(σ) is a triangle (possibly diffeomorphic to a triangle). This is true if σ ∩ ξ −1 (F i ) is empty for i = 1, . . . , m. From the discussion in example 3.9, it is clear that if σ contains a fixed point then ξ(σ) is a triangle. Suppose σ ∩ {ξ −1 (F i j )\{V i j , V i j +1 }} is nonempty for some j = 1, . . . , k. Observe that ξ −1 (F i j )\{V i j , V i j +1 } is disjoint union of two open arcs, namely C j 1 and C j 2 , in N for j = 1, . . . , k. Then both σ∩C j 1 and σ ∩ C j 2 can not be nonempty. Otherwise there will be an edge e j of σ such that e j ∩ C j 1 and e j ∩ C j 2 are nonempty. Since e j does not contain any fixed point and X is Z 2 2 -equivariant, we can show e j ∩ C j 1 and e j ∩ C j 2 are the vertices of e j . This makes a 2-vertex triangulation of a circle. Now assume σ ∩ C 1 1 is nonempty. So either σ ∩ C 1 1 is a point or a closed interval. Suppose σ ∩ C 1 1 is a closed interval [a, b] . Then both the sides of C 1 1 contain some points of σ. Since X is Z 2 2 -equivariant triangulation, at least one of a, b belongs to V (σ) Figure 2 .
Since the action is locally standard, for any two 2-cells we have ξ(σ 1 ) ∩ ξ(σ 2 ) = ξ(σ 1 ∩ σ 2 ) and ξ(σ 1 ∩ σ 2 ) is diffeomorphic to a closed interval. Hence we get the theorem. 
. This proves the claim. Since X is equivariant, {ξ(σ) : σ ∈ X is a 2 cell} is the set of 2-cells in a triangulation Y of Q (by Theorem 3.10). Now we assign two distinct vertices x i 1 , x i 2 ∈ V (X) to the edge F i for each i ∈ {1, . . . , m} such that all x i j 's are distinct. We do it step by step in following way.
Step 1: First consider the edge F 1 . Let τ 1 be a 2-cell in Y such that V 1 ∈ τ 1 and τ 1 ∩ F 1 = [V 1 , y 1 ] is an edge of τ 1 . Let ξ(σ 1 ) = τ 1 and y 2 be the third vertex of τ 1 . If σ 1 ∩ ξ −1 (y 1 ) is nonempty then it is a vertex of σ 1 and we choose {x
is empty then V 1 is a vertex of σ 1 and there is an edge, say [
is a point and x 1 1 , x 1 2 belongs to the principal fibration of N . Recall ξ i is the Z 2 -characteristic vector associated to F i . We may assume
Step 2: Since {ξ 1 , ξ 2 } is a basic of Z 2 2 , we may assume ξ 2 = (0, 1) ∈ Z 2 2 . Similarly as step 1, we get either ξ −1 (F 0 2 ) contains at least 2 vertices, namely x 2 1 and x 2 2 , of X or there are 2-cells [V 2 , x 2 1 , x 2 2 ] and [V 2 , x ′ 2 1 , x ′ 2 2 ] in X with x 2 1 belongs to principal fibration of N . We may assume x 2 1 = [((0, 0), y 4 )] ∼ for some y 4 ∈ Q 0 . If y 2 = y 4 , then x 1 1 = x 2 1 and either
So we choose the vertices x 2 2 , x ′ 2 2 for F 2 . If y 2 = y 4 , we get 4 new vertices and we assign two from them to F 2 .
Step 3: For F 3 we have two possibilities, either ξ 3 = (1, 0) or ξ 3 = (1, 1). In either case similarly as step 1, we get either ξ −1 (F 0 3 ) contains at least 2 vertices, namely ] in X with x 3 1 belongs to principal fibration of N . We may assume x 3 1 = [((0, 0), y 6 )] ∼ for some y 6 ∈ Q 0 . Suppose ξ 3 = (1, 0). Then y 2 = y 6 , otherwise we get two 1-cells with same vertices. Assume y 4 = y 6 then similarly as in step 2, we can assign two vertices different from previous steps to the edge F 3 . If y 4 = y 6 , we get 4 new vertices and we assign two from them to F 3 . Now Suppose ξ 3 = (1, 1). If y 6 is different from one of y 2 , y 4 , we can proceed similarly as step 2 to assign two new vertices to F 3 . Let y 2 = y 4 = y 6 . Then we choose x 3 1 = V 1 and x 3 2 = V 2 .
Note if ξ 1 = (1, 0), ξ 2 = (0, 1), ξ 3 (1, 1) and y 2 = y 4 = y 6 , then there are edges between any two points of ξ −1 (y 2 ). So y 2k = y 2 for any 3 < k ≤ m. Continuing in this way we can assign two vertices different form the previous vertices to each edge F i for i > 1. This proves the theorem.
Remark 3.12. If X is a Z 2 2 -equivariant vertex minimal triangulation of a 2-dimensional small cover N with m fixed points, then by Lemma 3.7 and Theorem 3.11 2m ≤ |V (X)| ≤ 2m + 4. Example 3.13. A 12-vertex, 6-vertex and a 7-vertex equivariant triangulations of torus and RP 2 are given by the following Figure 3 respectively. The minimal triangulation of RP 2 is given by 6 vertices. So this 6-vertex triangulation is the vertex minimal Z 2 2 -equivariant of RP 2 . By our construction it is clear that the 7-vertex triangulation is a vertex minimal equilibrium triangulation of RP 2 . 3.4. Triangulations of 3-dimensional small covers. Let ξ : N → Q be a small cover over a 3-polytope Q with m facets F 1 , . . . , F m and with k vertices V 1 , . . . , V k . Let (f 0 , f 1 , f 2 ) be the f -vector of Q, where f i is the number of codimension i + 1 face of Q. We adhere the notations of Section 2. Let I i be the 3-dimensional cube in the cubical subdivision C(Q) corresponding to the vertex V i of Q for i = 1, . . . , k. Let C F be the vertex of C(Q) corresponding to the nonempty face F of Q. So
In this subsection we assume that a = C 000 , b = C 100 , c = C 010 , d = C 001 , e = C 110 , f = C 101 , g = C 011 , h = C 111 . Let β : F(Q) → Z 3 2 be the Z 2 -characteristic function of N and β i = β(F i ). Let H i be the subgroup generated by β i of Z 3 2 and {a j H i : j = 1, 2, 3, 4} be the set of distinct cosets of H i . So a j H i = {a j , a j + β i } for all j = 1, 2, 3, 4 and i = 1, . . . , m. Then ξ −1 (C Q C F i ) is the disjoint union of the edges [C a j , C a j +β i ] for 1 ≤ j ≤ 4, where [C a j , C a j +β i ] is the edge with vertices C a j and C a j +β i such that ξ([C a j , C a j +β i ]) contains C F i . For simplicity, suppose
Let G 1 be the subgroup generated by β 1 and β 2 of Z 3 2 and
is the disjoint union of following quadrangles,
Similarly for the sets ξ −1 (C F 2 C E 2 C F 3 C Q ) and ξ −1 (C F 3 C E 3 C F 1 C Q ). So ξ −1 (I 1 ) is a cube with vertices ξ −1 (C Q ) where the boundary is the union of six quadrangles given by
For example see Figure 5 . Clearly N = ∪ k 1 ξ −1 (I i ) is a cubical subdivision of N . Considering a triangulation for ξ −1 (I i ), we may triangulate N . Even though N is a union of these cubes, we can not consider any triangulation of these cubes. The choice of triangulation for these cubes totally depends on Z 3 2 -action on N and hence on the Z 2 -characteristic function, see Examples 3.17, 3.19 and 3.21. Since fixed points of Z 3 2 -action on N are bijectively correspond to the vertices of Q, we also denote them by V i for i = 1, . . . , k. Each facet of the cube ∂ξ −1 (I i ) is a square. So any triangulation of ∂(ξ −1 (I i )) contains at least 12 triangles. Consider the cone on this triangulation with apex V i . So we get a triangulation of ξ −1 (I i ) with at least 12 facets. Let
for all a ∈ Z 3 2 −(0, 0, 0). Let F i 1 and F i 2 be two facets such that
. . , k}} does not give a triangulation of these circles. Each of these circles contains two vertices of ξ −1 (C Q ) ∪ {V i : i = 1, . . . , k}. So we need to add one vertex for each circle. We consider the corresponding vertices from the set ξ −1 (C F i 2 ). Clearly the minimal triangulation of
Let E j = F j 1 ∩ F j 2 be an edge. Let F j 3 and F j 4 be the facets such that
So the minimal triangulations for the boundaries of the cubes ξ −1 (I j 1 ) and ξ −1 (I j 2 ) do not give a triangulation of the boundary of ξ −1 (I j 1 ∪ I j 2 ). Otherwise we have a 2-edge triangulation of circles belong to the boundary of ξ −1 (I j 1 ∪ I j 2 ). We need to add two vertices corresponding to the point C E j of the edge E j . Let (4) l = #{E j : the condition in the above paragraph holds for the edge E j }.
So we add 2l many vertices corresponding to these edges. With these collections of vertices we triangulate the boundary of each ξ −1 (I i ), then make cone at apex V i . by construction, this is an equilibrium triangulation. Thus we can prove the following.
Theorem 3.14. Let N be a 3-dimensional small cover with characteristic pair (Q, ξ). There is a natural equilibrium triangulation of N with 4(s(a 1 ) + . . . + s(a 7 )) + 2l + k − 20 vertices where s(a i )'s are defined in Equation 3 and l is defined in the previous paragraph.
In the following examples we discuss some irreducible and vertex minimal equilibrium triangulations of some small covers explicitly. We denote the characteristic pairs in Figure 4 (a), (b), (c) and (d) by (△ 3 , β), (Q, β 1 ), (Q, β 2 ) and (Q, β 3 ) respectively, where Q is a 3-dimensional prism with vertices 1, . . . , 6. Let ξ : N → △ 3 , ξ 1 : N 1 → Q, ξ 2 : N 2 → Q and ξ 3 : N 3 → Q be the respective small covers.
Example 3.15. Let ξ : N → △ 3 be a small cover over the 3-simplex with vertices 1, . . . , 4. So N is RP 3 . The Z 2 -characteristic function of RP 3 is given in Figure 4 (a). The triangulations in Figure 5 , give a natural 12 vertex triangulation of RP 3 with the vertices 1, 2, 3, 4, a, . . . , h. Note that this is an equilibrium but not Z 3 2 -equivariant triangulation of RP 3 .
Lemma 3.16. There is an equilibrium triangulation of RP 3 with 11 vertices.
Proof. We delete the vertex 2 from the triangulation of RP 3 in Example 3.15. Then consider the triangulation of ξ −1 (I 2 ) with five 3-simplices. This gives an equilibrium triangulation of RP 3 with 11 vertices. Since any triangulation of RP 3 contains at least 11 vertices, this is a vertex minimal equilibrium triangulation of RP 3 . are edges of first 3 cubes, they can not form edges in the remaining 3 cubes. Otherwise we have a 2-edge triangulation of circle. Hence we need to add p, q, r and s in the interior of those edges respectively. Now we can construct a triangulation of the boundary of the cubes (ξ 1 ) −1 (I i ) such that they are compatible on the boundaries, see Figure 6 . Then taking cone on the boundary of (ξ 1 ) −1 (I i ) from i for i = 1, 2, 4, . . . , 6 we get an equilibrium triangulation of N 1 with 17 vertices. We will show that this is a vertex minimal equilibrium triangulation of RP 3 #RP 3 . The f -vectors of this simplicial complex is (f 0 , f 1 , f 2 , f 3 ) = (17, 106, 178, 89). Note that the minimal triangulations of RP 3 #RP 3 contain 15 vertices. Theorem 3.18. Let X be an equilibrium triangulation of RP 3 #RP 3 with complete zones of influences Z 1 , . . . , Z 6 . If V (X) ∩ Z i is the equilibrium set for some i ∈ {1, . . . , 6}, then X contains at least 17 vertices.
Proof. We may assume Z i = (ξ 1 ) −1 (I i ) for i = 1, . . . , 6 and V (X) ∩ Z 3 is the equilibrium set {7, . . . , 14}. So Z i ∩X is a triangulation of Z i for i = 1, . . . , 6 and {a, . . . , h} ⊂ V (X). We know that without extra vertices a 3-cube has 7 distinct triangulations. One with 5 3-dimensional simplices and others with 6 3-dimensional simplices. If we consider the triangulation of Z 3 with 6 3-dimensional simplices, there will be a diagonal edge in Z 3 . So we can not get any triangulations of Z 1 and Z 2 such that the boundary triangulations of these three cubes Z 1 , Z 2 and Z 3 are compatible. Let us consider the triangulation of Z 3 with 5 3-dimensional simplices. Considering this triangulation of Z 3 , we get a unique triangulation of the boundary of Z 1 and Z 2 , see Figure 6 . These boundary triangulations of Z 1 and Z 2 do not give any triangulations of them without extra vertices. So we need to consider at least one vertex in their interior. 
can be an edge of the cube Z 6 . So the rectangles with vertices p, q, r, s in Z 4 , Z 5 and Z 6 contain at least one vertex of X other than its vertices. Let x 1 , x 2 and x 3 be the vertices belongs to these rectangles respectively. Since the intersection of these rectangles is {p, q, r, s}, x 1 , x 2 and x 3 can not be equal. So |{x 1 , x 2 , x 3 }| ≥ 2. Suppose x 1 = x 2 and x 1 belongs to the relative interior of [p, q] . Consider the cone from x 1 on the boundary of Z 4 and Z 5 . Then the triangle [x 1 , r, s] will be face of 4 distinct 3-simplices. So, x 1 , x 2 and x 3 are distinct. Hence |V (X)| ≥ 17.
Let 1 and 2 be points belong to the interior of Z 1 and Z 2 respectively. Then take cone on the boundary triangulation of Z 1 and Z 2 from 1 and 2 respectively. Let x 1 , x 2 and x 3 be the interior point of the cubes Z 4 , Z 5 and Z 6 respectively. Consider the cone on the boundary of Z 4 , Z 5 and Z 6 from x 1 , x 2 and x 3 respectively. Without loss, we can assume (x 1 , x 2 , x 3 ) = (4, 5, 6). Then, we can construct some triangulations of Z 4 , Z 5 and Z 6 such that they are compatible on the boundary. Hence we get some 17 vertex equilibrium triangulations of RP 3 #RP 3 .
Example 3.19 (Triangulation for N 2 ). The manifold N 2 is a non-trivial S 1 bundle over RP 2 . Let (ξ 2 ) −1 (i) = i for i = 1, . . . , 6. In this case we have six cubes (ξ 2 ) −1 (I i ) for i = 1, . . . , 6 in the cubical subdivision of N 2 . Let E i = F i 1 ∩ F i 2 be an edge belongs to the triangular vertices, see Figure 8 . The f -vectors of this complex is (f 0 , f 1 , f 2 , f 3 ) = (18, 114, 192, 96) . Note that the minimal triangulations of RP 2 × S 1 contain 14 vertices. Proof. Let X be an equilibrium triangulation of S 1 × RP 2 with complete zones of influences Z 1 , . . . , Z 6 . We may assume Z i = (ξ 3 ) −1 (I i ) for i = 1, . . . , 6. So Z i ∩ X is a triangulation of Z i for i = 1, . . . , 6 and {a, . . . , h} ⊂ V (X) is the equilibrium set. By similar arguments as in Example 3.21, we get q, r, s, t ∈ (V (X) ∩ Z i ) for i = 3 can not belong to the boundary of A 3 , otherwise we get 2 vertex circle in X. Also for the same reason x 1 can not belong to the boundary of A 1 and A 2 . So x i belongs to interior of A i for i = 1, 2, 3. Hence A 1 ∩ A 2 ∩ A 3 ∪ V (X) contains at least 3 vertices. Similarly, we can show the interiors of the rectangles with vertex set {b, e, h, f } in the cubes Z 1 , Z 2 and Z 3 contain at least one vertex of X. Hence |V (X)| ≥ 18. Considering these 18 vertices we can construct some equilibrium triangulations of N 3 , see Figure 8 .
3.5. Triangulations of real projective spaces. The vertex minimal triangulation of RP n is not known for n > 5. It is known that RP n has triangulation with at least 2 n+1 − 1 vertices when n > 5, (cf. [4] ). A minimal triangulation of RP 3 was constructed by Walkup with 11 vertices, cf. [11] . In 1999 and 2005, F. H. Lutz constructed one 16-and 24-vertex triangulations of RP 4 and RP 5 respectively, see [9] . We construct some nice triangulations of RP n in the following.
Theorem 3.23. The real projective space RP n has an equilibrium triangulation with 2 n +n+1 vertices for all n.
Proof. Let C(△ n ) be a cubical subdivision of the n-dimensional simplex △ n . Let V 1 , . . . , V n , V n+1 be the vertices of △ n . For △ n and any proper face F of △ n , let O △ n and C F be the corresponding points in S(△ n ) respectively. Let ξ : RP n → △ n be the orbit map. Recall the construction of I n F 1 ⊆F 2 from cubical subdivision in page-51 of [3] . Clearly I n V i ⊂△ n = I n i for all vertex V i of △ n . Let F be a k-dimensional face of △ n . Then I n F ⊂△ n is an (n − k)-dimensional face of I n i for all V i ∈ F . Since the action of Z n 2 on RP n is locally standard, the subset ξ −1 (I n i ) of RP n is diffeomorphic as manifold with corners to an n-dimensional cube A n i with vertices ξ −1 (O △ n ). The point ξ −1 (V i ) belongs to the interior of A n i . Using the cubical subcomplex of △ n we construct a cell complex of RP n in the following way. Let X 0 = {ξ −1 (V i )(:= V ′ i ) : i = 1, . . . , n + 1} ∪ {ξ −1 (O △ n )}. So the number of points in X 0 is 2 n + n + 1. The cone on I n F ⊂△ n with apex V i in △ n is denoted by V i I n F ⊂△ n for any face F containing V i . Let X 1 = {ξ −1 (I n F ⊂△ n ) : F is an (n − 1)-dimension face of △ n } ∪{ξ −1 (V i O △ n ) : i = 1, . . . , n}, where V i O △ n line segment joining V i and O △ n in △ n . Let X 2 = {ξ −1 (I n F ⊂△ n ) : F is an (n − 2)-dimension face of △ n } ∪{V ′ i ξ −1 (I n F ⊂△ n : i = 1, . . . , n) : F is an (n − 1)-dimension face of △ n }. Continue this process up to nth step X n where X n = {V ′ i ξ −1 (I n V i ⊂△ n ) : i = 1, . . . , n} ∪ {ξ −1 (I n V n+1 )}. Then X = ∪ n i=0 X i gives a cell complex of RP n . Note that each X i is a cell complex for i = 0, . . . , n. So by the Proposition 2.7 we can construct nice triangulations of X without adding any new vertices. Clearly, this is an equilibrium triangulation of RP n and the number of vertices of the triangulation of X is 2 n + n + 1.
Remark 3.24. An equilibrium triangulation of a small cover N n may not be a Z n 2 -equivariant triangulation and a Z n 2 -equivariant triangulation of a small cover N n may not be an equilibrium triangulation.
